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Abstract In this paper we deal with the Holder regularity up to the boundary of the solutions
to anonhomogeneous Dirichlet problem for second-order discontinuous elliptic systems with
nonlinearity ¢ > 1 and with natural growth. The aim of the paper is to clarify that the solu-
tions of the above problem are always global Holder continuous in the case of the dimension
n = g without any kind of regularity assumptions on the coefficients. As a consequence of
this sharp result, the singular sets 29 C 2, ¥¢ C dS2 are always empty for n = g. Moreover
we show that also for 1 < g < 2, but g close enough to 2, the solutions are global Holder
continuous for n = 2.
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1 Introduction

Let @ C R",n > 2, be abounded open set with boundary 92 of class C?: let q be areal num-
ber> landg € HYS(Q)NL®(Q),s > g. Ifu: Q — RN, we set Du = (Du, ..., Dyu)
and we denote by p = (p', ..., p™), with p! € R, a typical vector of R"V and by (u|v),
with u, v € R, the inner product in RN,
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The aim of this paper is to study the global Holder continuity in Q of a solution u €
H4(Q) N L®(Q) to the following Dirichlet problem
u—ge Hy'(Q)NL(Q)
ST M
Z D;a'(x,u, Du) = —B(x,u, Du) in

i=1

where a' (x, u, p),i=1,2,...,n,are vectors of RY, defined on  x RY x R™V  such that
at(x,u, p) are measurable in x and continuous in u, p, and a'(x,u,0) =0foraa. x € Q,
Yu € RV,

For solution u to (1) we mean that u = g + w, where w € H(;’q (2) N L*°(2) is such that

n
/ > (“i("s w+ g, Dw + Dg)IDi<P) dx
i1
=/ (B(x,w+g, Dw+ Dg)lp)dx, Vepe Hol’q(Q)ﬂLoo(Q)- ()
Q
We do not require regularity assumptions on the coefficients, but setting Vp € RX, K > 1

1 q—
Vi) =(1+1pI%)7 and W(p) =VT(p)p 3)

we only assume that there exist two positive constants M, v such thatfora.a. x € Q,Vu € RV,
pE RN it results

la' (e, u, p)l < MVI2(P)lpll, i=1,....n 4

n
> (@ pIp) = v VI ) Il )
i=1
Let us note that an example of operator satisfying conditions (4), (5) is given by the well
known one:

> Dil(1+ [ Dul)'T Diu]

and that in the case 1 < ¢ < 2 conditions (4), (5) appear as degenerate conditions.
On the free term B we suppose that there exist two positive constants a, b, such that for
aa x € Q,Vu e RV, pE RN it results

1BGe, u, p)ll < a+ bW (6)
and, if u is a solution to Problem (1), also the following smallness condition holds
2b |lu — gllLe@) < v. 7

Condition (6) is called natural growth condition. Further we would like to point out that the so
called smallness condition (7) is necessary, in a certain sense, in order to obtain the regularity
result of the solutions, in virtue of the well known counter-examples, as, for example, the
one provided by Freshe [10]; however it seems that the optimal smallness condition could
be b ||u — gllL~(@) < v, even if in the literature it is used condition (7).

Taking into account the counter-examples provided in [7,12,17,25] and the general form
of the coefficients ai(x, u, Du) of problem (1), it is well known that it is not possible to
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expect the global Holder continuity of solutions for n > ¢. For n < ¢ the desired regularity
easily follows from Sobolev imbedding theorems, then our goal remains only in proving the
regularity up to the boundary for n = ¢. For what concerns the case ¢ > 2 we achieve this
result by means of the following theorem on higher global integrability of the gradient:

Theorem 1 Assume that conditions (4)—(7) are fulfilled. Let 32 be of class C* and g €
HMS(Q) N L®(Q), withs > g. Ifu € HY9(Q) N L®(Q), ¢ > 2, is a solution to Dirichlet
Problem (1), then there exists a number r > 1 such that

ue HY(Q).
From Theorem 1 we immediately derive the following corollary.

Corollary 1 Under the same assumptions of Theorem 1, a solution u to Dirichlet Problem

— 1
(1), for g = n, belongs to C®%(Q), witha = 1 — —.
r

Considering now the case of nonlinearity 1 < g < 2, we obtain again a result of higher
global integrability of the gradient. In fact we prove the following theorem.

Theorem 2 Assume that conditions (4)—(7) are fulfilled. Let 32 be of class C* and g €
HY(Q) N L®(Q), withs > q. Ifu € HY(Q) N L®(Q), 1 < g < 2, is a solution to
Dirichlet Problem (1), then there exists a number r > 1 such that

ue HY(Q).

From the proof of Theorem 2 it follows that the number r, for ¢ belonging to an interval
[qo0, 2] with gp > 1, can be chosen independently from ¢ and hence we can reach the second
main result of this paper.

Corollary 2 Under the same assumptions of Theorem 2, a solution u to Dirichlet Problem

(1), forq e (f, 2), belongs to CO%(Q), witha = 1 — .
r qr

It is interesting to note that even in the case 1 < ¢ < 2, for n = 2, we obtain the Holder

2
continuity up to the boundary for — < g < 2.

An essential tool in order to ac}{ieve the global higher summability of Du is to get the so
called “Caccioppoli type inequality”, both in the interior case and near the boundary, and to
apply, both in the interior case and near the boundary again, a refined version of the Gehring
Lemma due to Zatorska-Goldstein (see [28]), in which the values of the increment of sum-
mability is specified. Similar arguments are used in [9] in order to study the homogenization
of a Stampacchia type operator on a Carnot group.

In the general case, namely without requirements on the dimension n and with coefficients
a' depending on x, u, Du, the result we can expect if ¢ > n is only the so called “partial
Holder regularity”, that is there exists a closed singular set g such that u is Holder contin-
uous in 2 \ o and, even if the trace of u on 92 is smooth, there exists a closed singular
set 2o on d€2 such that # is Holder continuous up to the boundary except for the points of
3o (for nonlinearity ¢ > 2 see [4]; for nonlinearity ¢ = 2 see [1,3,6,13,18,21,22,27]; it
is worth mentioning that all these results are obtained under suitable regularity assumptions
on the data). Moreover in particular cases it is possible to estimate, always under suitable
regularity assumptions on the data, the Hausdorff dimension of both the singular sets 2¢p and
3o (see for example [4,18,21,22]).

The general case with 1 < ¢ < 2 is less studied than the case ¢ > 2. We mention that dif-
ferentiability results for 1 < g < 2 are obtained in [2,24]. Moreover in [23] a homogeneous
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system with coefficients of the type a’ (Du) is studied and global Holder continuity results
are obtained.

Also we note that in [26] the author obtains the global Holder continuity up to the boundary
for n = ¢ in the case of term B fulfilling a growth of the type || p||?~".

It is worth mentioning some unexpected results when the coefficients are of particular
type. For example, if the coefficients are of the type a’ (x, Du), it is possible to improve the
Holder regularity results obtaining the Holder continuity also for n < g + 2 (see [5,19]).

Moreover we would point out that the behaviour of weak solutions with respect to the
Holder continuity is analogous to the one we meet when we consider elliptic nonvariational
systems, namely we obtain global Holder continuity up to the boundary only for low values
of n and partial Holder continuity in the general case (see [8,20]).

Finally we would like to mention that the results of this paper in the case ¢ > 2 have
been presented at the International Conference “Variational Analysis and Applications” and
an abridged version of these results has been published in [15,16].

2 Notations and preliminary results

We set
B(x", o) = {x eER": Ix — x| < O’}
and, if x0 = 0,

BT(x" 0) = {x € B’ 0): x, > O},

F(xo,o) = {x € B(xo,o) Xy = 0}.

We will simply write B(c), BT (¢), I'(6) and T instead of B(0, o), BT (0, 5), I'(0, o) and
['(0, 1), respectively.
Moreover if u € L'(1B) and B is a measurable set with meas B # 0, then

ug :][ u(x)dx = ! / u(x)dx.
B meas B /3

In the sequel we need the following refined version of Gehring Lemma (see [11, 14]) due to
Zatorska-Goldstein (see [28]).

Lemma 1 Let t € [qo,2n] with qo > 1 fixed. Assume that U and G are non-negative
functions on 2 such that

UelLl(Q), GelL*(Q), l<t<s

and if, for every B(x%, 0) C B(x",20) C Q, it results

t
][ Utdxfﬂ”:][ de] +][ G’dx’, B>1
B(x%,0) B(x9,20) B(x9,20)

then there exists eg > 0 such that U € Lj (), Vr € [t, min{t + &0, s}) and

1 1 1
(o rs) [l o] ol el
B(x0,0) B(x0,20) B(x9,20)

@ Springer



J Glob Optim (2008) 40:99-117 103

The constant &g is given by

__ q0—1
0= B3 +16n y2n
and k depends on B, qo, n
The following estimate will be also useful in the proof of our results.

Lemma 2 There exists a positive constant ¢(q) = max{29~2, 1} such that, Vg > 1 and
Vp, p € R"™N, it results

VI (p+ D) Ip+ pl < cl@) VI2(p) Ipll + VI2(B) 1A (8)

Proof First let us consider the case ¢ > 2. We have

q—
2

VI (p+p)llp+ 5l = (1+ Ip+ BIP)
If | pll < 1|1, then

Ilp + pll.

<0\ 52 N
(I+1lp+pl %) lp+pll <2(1 +4||P|| ) Il

— q; -
<247 (11217 7 1151
= 22172V (p) |Ipll.

In a similar way, if || p|| < || pll, we get
(L+1lp+ Pl ) o lp+ pll <22972vi=2(p) || p.
Then, by summing the previous inequalities, we obtain
VIZ(p+p)lp+ Bl <27 V() llpl + VI3 () A1
Nowletl <g < 2.
—2
Setting F(t) = (1 + tz)qT - t, we have
F(z)—(1+t) [1+t(q—1)]>0

then F'(¢) is a nondecreasing function.
Hence, if || p]| < || pll, we have

Fdlp+plh = FQCllpIH

that is
q—2 ~ ~ g qT qT
Vi (p+p)lp+pll = (1 +lp+pl )2 lp+pll<2(1+4lpI*) = lpl

2 (1+1pl ) 2 el

If || pll < ||pll, in a similar way, we obtain

VIZ(p+p) Ilp + Bl <2 VIR 1B
Then, by summing the previous inequalities, we obtain
VI (p+ P lp+ Bl < VI ) Ipl+ V() 1B

Finally we recall that, if G € L9(R2), ¢ > 1, it easily follows:

1G94y < IWG)I22q- ©)
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3 Proof of Theorem 1
In order to obtain the global higher summability of the gradient, we prove in a first step
the interior higher summability of the gradient. To this end a crucial step is the following
“Caccioppoli’s type” inequality.

Let us start with the case ¢ > 2 and let us recall the proof given in [15] in order to specify

the constants which appear in estimate (11).

Theorem 3 Assume that conditions (4)—(7) are fulfilled. Let g € HS ()N L®(RQ), s > ¢,
and let w € Hol’q (R2) N L®(Q), g > 2, be a solution of the strongly elliptic system:

n
/ > (a'erw+ g Dw + DgIDig) dv = / (B(x,w + g. Dw + Dg)|¢) dx.
Qi Q
Vo € Hy'(2) N L=(Q). (10)

Then for every couples of concentric balls B(x°, o) C B(x®, 20) C Q, it results

/ |Dwlfdx < c o / 1 — W30 2, 1
B(x%,0) B(x%20)
+c1/ (1+ | Dgl)?dx, (11)
B(x0,20)
20+ My M1 +8g)232 \17! 24
where ¢ = 1 ey (n (1 +8q) ) ,01:24+1+8L+
(v —2bllu — gllLo) \v —2bllu — gllLe) 1+8q1
2972 alu — gll oo 233 ( nM(1 + 8¢)234~2 )q‘ .\
v —2bllu — gllL=(q) v —2bllu — gllLe(w) v —2bllu — gllLe()

( nM(1 4+ 8¢)23772

g—1
) and y is a numerical constant.
v —2bllu — gllL=(@)

Proof Let us fix B(x?,20) c Qandlet € Cg°(R") be a function with these properties
0<6<1, 6=1inBx"0), 6 =0imR"\ Bx" 20), |DO| <yo~!
with y numerical constant. Let us assume in (10) ¢ = 69 (w—wp(,0 24))- Then (10) becomes:
n
/ Z (a’(x, w+ g, Dw + Dg) |07 D,-w) dx
i
n
= —q/ Za’ (x,w+ g, Dw+ Dg) | qulD,H (W — wp;0 24)) dx
i1
+/ (B(x, w+ g, Dw+ Dg) |67 (w — wp(0 5,)) dx. (12)
Q
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We may rewrite (12) in the equivalent way

n
/Z(ai(x,w—l—g,Dw—i-Dg)IOq(Diw—i—Dig)dx
Q4
i=1
n
:/Z(a’(x,w—i—g,Dw—i—Dg)leD,-g)dx
Q“
i=1

n
—q/ Zai(x, w+g, Dw+ Dg) |097'D;6 (w — Wp (0 25)) dX
Q4
i=1

+/ (B(x,w+ g, Dw+ Dg) |67 (w — wp0,5,))dx =A+C+D. (13)
Q

As it concerns the left hand side of (13), in virtue of the strong ellipticity condition (5), it
results

n
/Z(a"(x,w+g,Dw+Dg)|9q(D,-w+D,-g)dx
i1
> v/ |Dw + Dgl||> VI=2(Dw + Dg) 69dx
Q

= v/ |W(Dw + Dg)||*> 6%dx. (14)
Q

Let us examine the terms in the right hand side of (13) and let us start with the first term A.
By condition (4), taking into account Lemma 2, we get

| Al

IA

n
/ Z lla'(x, w + g, Dw + Dg)| 67 | D;g|ldx
2o

IA

nM/ V= (Dw + Dg)||Dw + Dgl| 67 | Dg| dx
Q

IA

ne(@)M / VI=2(Dw)||Dwl| 67 || Dgll dx + nc(q)M / VI=2(Dg)||Dg|* 67 dx
Q Q

IA

n29-2c()M / 69 (1 + | D[4~ | Dw]| | Dgll dx
Q
q-2
Fne(@)M / 69(1 + | DgIP)'T (1 + | DglP)dx
Q
< n24 ()M / 69(| Dwl | Dgll + | Dw]~" [ Dgldx
Q

+nc(q)M/ 09(1 + ||Dg||2)%dx, (15)
Q

where ¢(q) = 2472,
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Using Young’s inequality in the integral in the penultimate line of (15), it follows

1
Al < 2% *nM [28 / 0l Dw|dx + (777 +&70D) / 69(1 + ||Dg||>qu}
Q Q

+22q*2nM/ 07(1 + || Dg|")dx < 224*3nMs/ 0% Dw|?dx
Q Q

1

+2% 4 M (g T 4 gD +4)/ (1 + | Dgl)4dx. (16)
B(x9,20)

Let us consider the second term C. In virtue of condition (4)

n
IC] < ‘7/ Z la’ (x, w+ g, Dw + Dg) |09~ " | D;O|||w — WR (0 20) | X
251

< ngM /Q VI2(Dw + Dg)||Dw + Dg|[ 047" [ DO|[||w — wp,0 50l dx
< on/Q (1 + [ Dw + Dg|)?™% || Dw + Dgl| 077" | DO |lw — w10 20, dx

< ngM / (1 + [Dw| + IDgI?" 077" | DO |w — w1026y ll dx. (17)
Q

Applying Holder inequality, we get

q 949 ngM q q
ICl < ngMe | (14 |Dwll + |Dg|)? 69 dx + —— DO lw — wp0 26y 17 dx
Q e1=1 Jg
< anqu/ (1 4+ || Dw]))? 69 dx + anqu/ 04| Dg||? dx
Q Q
M4
+ MY a—q/ lw — W y0, 500 1 dx < 2‘1on82‘1/ 69 dx
ed B(x0,20) ’ B(x0,20)
+2‘1on£2‘1/ |Dw|? 64 dx+2qon8/ (1 + IDg|H? dx
Q B(x9,20)
ngMy? _q/
o lw— wg0 17 dx. (18)
eq—1 B(:0.20) B(xY,20)

Finally for the last term D, we have from condition (6)

D) 5/ 1BGr. w+ g. Dw + D)l 69 lw — wpeeo 20, ldx
Q
< 2/(a+b||W(Dw+Dg)||2)9q||w||L°°(mdx
Q

= Za/ 0 |lw| > (q)ydx +2b||w||LOO(Q)/ |W(Dw + Dg)||* 64dx. (19)
Q Q
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Taking into account (13), (14), (16), (18), (19), we get

(v — 2b]|wll 1) / |W(Dw + Dg)|> 69dx
Q

< (2% 3nMe +22‘1an8)/ | Dwl||? 67 dx
Q

+ (2¥ngMe + 2allu — gllL=) 07 dx
B(xY,20)
1
b [t (84670 46771 4 ngba2ce] / (1+ | Dgl)dx
B(x0,20)
ngMy? _q/
o 1w — w0 20 19 dix. (20)
gq—1 B(xY,20) Bet2)

Since, in virtue of (9),
/ 0| Dw|? dx < 2‘1/ |W(Dw + Dg)||2 09dx + 24 / (1+ |DglH?0%dx
Q Q Q

and

/ 04 dx 5/ dx 5/ (1 + || Dgl)¥dx Q1)
B(x9,20) B(x9,20) B(x9,20)

we get

v - 2b||w||L°°(Q))/ |W(Dw + Dg)||* 69dx
Q
<2331 + 8q)nMs/ |W(Dw + Dg)||* 69dx
Q
+[23q—3(1 +8g)nMe +2¥gnMe + 2allu — gl 1=

1
20 (4460 4 ) zqane] [, a+inghar
B )

x0,20
ngMy?

+ a—q/ 0 = w020, I d.
gd~1 B(x0,20) (5200

Choosing &* in such a way that

1
S = 2bllwll(e) = 234731 4+ 8g)nMe*
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from (7), (9) and (20) we obtain

/ |Dw||? dx
B(x%,0)

g 29 My ( nM(1 + 8q) 2312 )q“
T (v —2bllu — gllLo()

v —2b|lu — gllLe(w)

- qg+271
o1 w—w Tdx 4+ {29+ 4+ 8
/B(x0,2a) ” B(x“,Za)” [ 1+ 8q
2912 allu—g|l=(9) 2% ( nM(1 +8¢)2% 2 )q“
v—2bllu—glre@  v—2blu—glixe v —2bllu — gllL= ()

1
( nM(1 + 8¢)2% 2 ) aT

/ (14 IDglH?dx (22)
v=2bllu—gllL> (@) B(x0,20)

that is our thesis.
We are in position to derive the interior higher summability of the gradient.

Theorem 4 Assume that conditions (4)—(7) are fulfilled. Let g € HYS(Q)NL®(Q), s > q,
and let w € Hol’q () N L*®(Q), g = 2, be a solution of the strongly elliptic system

n
/Z(a"(x,w+g,Dw+Dg)|D,~<p)dx
Qo
:/ (B(x,w + g, Dw+ Dg)lp)dx, Vg € Hy'(Q) N L¥(Q), (23)
Q

then there exists a number ¥ > 1 such that Du € LIOC(Q) andVB(x°,20) C S it results

1
(][ ||Dw||qfdx)
B(x0,0)

< K][ [ Dw[7dx + K (][ (1+ | Dgh? dx) ' (24)
B(x0,20) B(x0,20)

where the constant K does not depend on o.

Proof Let us recall the Poincaré inequality related to a function u € H'"?(Q), p < n:

1

(/ IIM—MQII%dx) " zem TP (/ ||Du||”dx)7,
Q
ng

where the dependence on p of the constant has been pointed out. By choosing p = img <M

we get for the function w € H L g (£2) solution of the strongly elliptic system (23):

ntq

ﬂ n
o_q/ lw — wp0 20 lI7dx < E(n, N)(2q)70" (][ |Dw]||**a dx)
B(x°,20) B(x0,20)

Hence if we set

Az, qn_
U=|Dw|, G=(1+]Dgl)*
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from “Caccioppoli’s inequality” (11) it follows

n+q
n+q

][ Ut dx < ¢ En)q29 (][ de) to 2"][ Gt dx
B(x9,0) B(x9,20) B(xY,20)

with ¢ and ¢; as in Theorem 3.1.

Then, in virtue of Lemma 1, the assert follows.

In the second step of the proof of the global higher summability, we have to prove the
higher summability up to the boundary for the gradient of a solution to Dirichlet Problem.

Theorem 5 Let conditions (4)—(7) be fulfilled and ¢ € H"*(B*(1)) N L®(B*(1)), with
s>q>2Ifwe H"(B*(1)) N L®(B* (1)) is a solution of the strongly elliptic problem

n
/ Z(ai(x,w—i-g,Dw-i-Dg)lDi(P)dx
B S

= (B(x,w+g, Dw+ Dg)lp)dx, V¢ € H()]’q(3+(1)) NL®(B*(1))
Bt (1)
wx)=0 onT,

(25)

then there exists anumberr’ > 1 suchthat Dw € quorc/ (B*(1)) and for all B(x%,20) c B(1)
such that B(x°, 20) N Bt (1) # @ it results

(][ ||Dw||q”dx)
B(x%,0)NB*(1)

1
o

"< K][ | Dw|dx
B(x0,20)NB+(1)

1K (][ (1+ [ Dgl)" dx,) 26)
B(x0,20)NB+(1)

where K is a positive constant that does not depend on o.

=

Proof First let us show that for every B(x?, 20) € B(1) such that B(x°, 26) N Bt (1) # @
it results

n+q

ﬂ n
/ [Dw|?dx < co™ (][ | Dw|| "4 dx)
B(x%,0)NB*(1) B(x9,20)NB* (1)

—I—cl/ (1 +IDglH? dx. (27)
B(x°,20)NB+(1)

We must consider two cases.
First let B(x,20) c B*(1), namely it results x,? > 20. Arguing as in the proof of
Theorem 3 we get the estimate:

/ |1Dw||9dx < ¢ o_q/ lw — wB(xo,z(,)qux
B(x%,0) B(x0,20)
o1 / (1+ | Dgl)dx (28)
B(x0,20)

with ¢ and ¢ constants as in Theorem 3.
In the second case let x° € B (1) such that xg < 20 and hence B(x?,20)NBT (1) # @.
Let us choose a function 8 € C;°(R") such that

0<6<1, 6=1inBx%0), 6=0inR"\ Bk, 20), ||DO|| < Co~!
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with C numerical constant. Taking into account that w = 0 on I, in (25) we can assume
¢ = 69 w and, arguing again as in the proof of Theorem 3, we get

/ | Dwldx < co*q/ lwll¥dx
B(:0,0)NB+(1) B(x0,20)NB+(1)
e / (1+ 1Dl dx (29)
B(x0,20)NB+(1)

with ¢ and ¢ constants as in Theorem 3. Of course if B(x°, o) N BT (1) = @, the left-hand
side is zero.
From (28) we get (see the proof of Theorem 4)

/ | Dwdx < cé(n, N)2q)* 0" (][ ||Dw||%dx)
B(x0,0) B(x0,20)

+c1/ (14 | Dgl)? dx.
B(x°,20)

n+q
n

From (29), taking into account that w(x) = 0 on I" and applying the Poincaré inequality

ntq

ﬂ n
o_q/ lwl|9dx < é(n, N)2q)? " (][ | Dw]|| "+ dx)
B(xY,20)NB+(1) B(xY,20)NB+(1)
we obtain
ﬂ
/ IDwldx < cé(n, N)Q2q)? 0" (][ |Dw* dx)
B(x0,0)NB*+(1) B(xY,20)NB+(1)

e / (1+ 1Dgl) dx
B(x0,26)NB+(1)

and hence the estimate (27) is proved.
Now let us consider the function w € HO1 (B(x%, 0)) and h € L (B(1)) obtained from w
and || Dg|| by setting

n+q

n

S Jw), ifx, =0 _ [ IDgM™)Il,  ifx, =0,
w(x)_[o, ifx, <0 h(x)_[o, if x, <0

and let us remark that for B(x°, 20) ¢ B(1) we have

/ | Dw[|7dx = / [ Dw||?dx
B(x9,0) B(x9,0)NB*(1)

&, N)(2q)? o" (][ ||Dw||%dx)
B(x°,20)NB+(1)
+ol / (1+ | Dgl)? dx
B(xO,ZU)ﬁB+(l)

< cd(n, N)(2q)? " (][

B(x9,20)

+c1/ (1 +h)4 dx,
B(x9,20)

where of course if B(x?, ) N BT(1) = @, the integrals are zero.

n+q
n

IA

n+q

o n
| Dw]| "4 dx)
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Then the functions w and £ fulfill all the assumptions of Lemma 1 and, arguing as in the

proof of Theorem 4, we get that there exists a number ' > 1 such that D € Lforcl (B(1))
and VB(x0, 20) C B(1) it results:

(][ ||Dw||‘”’dx)'
B(x9,0)

<K ][ | Dw|dx + K (][ (1+h)" dx)
B(x9,20) B(x0,20)

and hence the assert.
Now we may derive the global higher summability of the gradient.

r

Theorem 6 Let conditions (4)—(7) be fulfilled. Let 32 be of class C*> and g € H"*() N
L®(Q), withs > q. Ifw € Hol'q(Q) N L% (), ¢ = 2, is a solution to the Dirichlet problem

n
Z Dia[(x, w+g,Dw+ Dg)=—Bx,w+ g, Dw+ Dg)
i=1

w=0o0no<2,

then there exists r > 1 such that Dw € L1 ().

Proof Taking into account that 32 is of class C2, it is enough to use the usual covering
procedure (see [5] Lemma 2.1V, 2.V and Section n.8 for details).

4 Proof of theorem 2
Alsointhe case 1 < g < 2 acrucial step, in order to obtain the global higher summability of

the gradient, is to show a Caccioppoli’s type inequality. However in this case the procedure
is different in virtue of the effect of degeneration.

Theorem 7 Assume that conditions (4)—(7) are fulfilled. Let g € H'"*(Q)NL>®(RQ), s > g,
and let w € H(}’q ()N L®(Q), 1 < g < 2, be a solution of the strongly elliptic system:

n
/Z(ai(x,w—l—g, Dw+Dg)|D,~<p)dx:/ (B(x, w + g, Dw + Dg)|¢) dx,
Q5 Q

Vo € Hy'(2) N L=(Q). (30)

Then for every couples of concentric balls B(x", o) € B(x",20) C Q, it results

/ I1Dw||9dx < ¢ a_q/ [w — wp 0 26 l17dx
B(x%,0) B(x9,20)

+c1/ (1+ | Dgl)dx (1)
B(x0,20)
2703360 M?(1 + y2) 16allu — gl L) 16Mn
where ¢ = ,cl =
v —2bllu — gllLoe) v—2bllu—gllre@ v —2bllu—gllLeo@
8Mn (1 16896nM ) 337
v —2bllu — gllLo(e) v —2bllu — gllLo(e) 2112
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Proof Arguing in a similar way as in Theorem 3, we obtain

n
/Z(ai(x,w—i—g,Dw-i-Dg)|9q(Diw+Dig)dx
Q-
i=1
n .
:/Z(a’(x,w—i—g,Dw+Dg)|0qD,~g)dx
QY
i=1

n
—q/ > d(x,w+ g, Dw+ Dg) 097 Dif) (w — wp,0 5,) dx
Q5
i=1

—|—/ (B(x, w+ g, Dw+ Dg) |69 (w — wp(05,)) dx = A+ C + D.
Q

and
n
/ Z (a’(x, w+ g, Dw+ Dg) |0 (D;jw + D,-g) dx
Q
i=1
> u/ |Dw + Dg|> VI~2(Dw + Dg) 69dx
Q

= v/ |W(Dw + Dg)||*> 6%dx.
Q

(32)

(33)

Let us consider the first term at the right hand side of (32). By condition (4) and Lemma 2

|A]

IA

n
/ > lla'(x, w+ g. Dw + Dg)|| 67 || D;gldx
Q°
i=1

IA

nM/ Vi=2(Dw + Dg)||Dw + Dg|| 67 | Dg|| dx
Q

IA

nM/ Vi=2(Dw)||Dw| 64 | Dg|| dx + nM/ Vi=2(Dg)||Dg|* 64 dx
Q Q

IA

IA

nM/QQ"(l + I1DglH?dx +nM/Q@"IIDwII"71IIDgIIdx
+nM/Qeq(1+||Dg||2)%dx

< 2nM/QQq(1 + ||Dg|)¥dx —i—nM/QGqHDqu_1 IDg||dx.
Using Young’s inequality in the second integral in the last line of (34), it follows

|A] < 2nM 1+ ||1Dgl)H?dx +n8M/ 0| Dw||?dx
B(x°,20) Q

nM
+—= 67| Dg||?dx
ed B(x°,20)

1
< (2 + 7_1) nM (1 +1[DglH?dx + nSM/ 67| Dw||dx.
& B(x9,20) Q
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)
nM/ 6% (1 + | Dw]“~") | D]l dx +nM/ 69(1 + | DgIP)'T (1 + | Dg|P)dx
Q Q

(34)

(35)
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Let us examine the second term C in (32)

IC|

IA

n
q /Q > llat (. w+ g, Dw + D) 8971 [ Dif||w — w0 5 Il dx

IA

ngM /Q V42(Dw + Dg)||Dw + Dg|| 047" [ DOl |w — wp,0 50l dx

q=2 _
= on/Q (1+ [ Dw+ DglI>) = |[Dw + Dgl| 077" | DO |lw — w1090l dx

IA

gq—1 _
on/ (1 + [ Dw + D)’ 697 1 D6]|w — wp(y0.20)l dx
Q

IA

Mn /Q (1+ [IDw] + [ DgID?~" 6471 DO [|w — wp(,0 90, I dx. (36)
Applying Young’s inequality, we reach
il < 2Mne/ (1 1Dwl + 1D 69 dx + 2] / 10N — w0 2 I dx

< 8Mn8/ (1+ || Dw])? 64 dx
Q

nMy

+8Mn8/ ||Dg||qu+ O'iq/ ||w — wB(XO,ZO')”qd‘x
B(x°,20) B(x0,20)

< 32Mn5/ 04 dx + 32Mne/ |1 Dw|? 67 dx
B(x9,20) Q

+8Mn8/ (14 ||1Dgh? dx
B(x9,20)

2nMy1 /
+ o1 lw — w0 20 17 dx. (37)
gd~1 B(x0,20) *".20)

Finally for the last term D, we have from condition (6)

D| < /Q 1BCr,w + g, Dw + DIl 69 1w — w0 a0 Ildx
< 2/Q(a + BIW(Dw + DI 69wl dx
= 2a /gz 64 ||w||Lc>0(Q)dx + zb”'l,l)”LOO(Q)/S; |W(Dw + Dg)||29qu. (38)
Taking into account (21), (32), (33), (35), (37), (38), we obtain
(v — 2bllw (@) /Q IW(Dw + D)2 6%dx

M
< 33Mn£/ IDw|?6%dx + (2a||u — gllzeo(@) +40Mne + 2Mn + %)
Q £

ZM)/

x/ (1+ IDglH?dx + o_q/ [Jw — wB(xO,Z(r)”q dx. (39)
B(x9,20) B(x0,20)

As it concerns the term / |1Dw||? 69 dx, it results
Q

IDw]? 6 < 467(| Dw + Dg||? + | Dgll?)
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and
67| Dw + Dg||

2 2
= (Gq7 (V(Dw + Dg)“ 2% | Dw + Dgllq) (9‘1*"7 (V(Dw + Dg))@*q)%) .

Applying Young’s inequality, we obtain foreach 0 < n < 1

/ | Dw|? 67 dx
Q

< 4/ 9‘1||Dw+Dg||‘1dx+4/ 69 | Dg|4dx
Q Q
2
M P @23 ’
<4 [ 09|Dgll%dx + — [ |02 (V(Dw+ Dg)" 72| Dw + Dg||?| dx
Q nJjQ

2
2 2=q
+4n/ [aq—‘% (V(Dw + Dg>><2—q>%} "dx < 4/ (1+|IDgl)H4dx
Q B )

x0,20

4 q 2 q 2,4
+E 09| W(Dw + Dg)||*dx +4n [ 69 (1 + |Dw + Dg|*)2dx
Q Q
4
< 4/ 1+ ||Dg||)‘1dx+f/ 09| W (Dw + Dg)||>dx
B(x9,20) nJa

+1617/ 01| Dw||?dx + 167;/ (14 ||DglH?dx.
Q B(x0,20)

1
For n = — we get
Ui 3 g

/ |Dw|?0?dx < 9/ (1+ |DglH%dx + 256/ 09 ||W(Dw + Dg)|*dx.
Q B(x9,20) Q
Then (39) becomes

v 2b||w||Loo<g>>/ |W(Dw + Dg)|> 6%dx
Q

Mn
&4 B(x0,20)
2nMy4

Rl W U

~|—8488nMe/ |W(Dw + Dg)|*> 6%dx. (40)
Q

Finally, choosing &¢* such that
1

from (7), (9), (40) we get

/ IDw|?dx < CG_q/ lw — g0 5517 dx
B(x0,0) B(x%20)

el / (1+ | Dgl)?dx
B(x9,20)
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, 270336n> M2y 1 16allu — gl 16Mn
Wlth c = ,Cl = +
v —2b|lu — gllL> () v—=2b|lu—gllLe v —2bllu—gliLe@)
8Mn 16896nM -1 337 ,
+ and hence the estimate (31).
v —2bllu — gllLe@ \v —2bllu — gllLe@ 2112

Now we may prove the interior higher summability of the gradient.

Theorem 8 Assume that conditions (4)—(7) are fulfilled. Let g € H'* () N L>®(RQ), s > q,
and let w € H(;’q ()N L®(RQ), 1 < g <2, be a solution of the strongly elliptic system

n
[ 3 (w5 D+ Do) D) ax
iz
:/ (B(x,w+ g, Dw+ Dg)|e) dx, Yo € Hol’q(Q)ﬂLoo(Q) 41
Q

then there exists a number ¥ > 1 such that Du € Lq; () and VB(x°, 20) C Q it results

loc
(][ ||Dw||‘ﬁdx)
B(x0,0)

<K 7/ | Dwldx + K (][ (1 + | Dgl)*" dx) , “2)
B(x9,20) B(x9,20)

where the constant K does not depend on o.

1

Proof First let us consider the case nfl < g < 2. Itresults % > 1 and then by Poincaré
inequality it follows

n+q
n

a_q/ [w = wp0 25 17dx < 16¢(n, N) o (][ ||Dw||%dx) . (43)
B(x9,20) ' B(x0,20)

n

In the other case 1 < ¢ <
n—1

we have by Holder inequality

O'_q/ [w — wp0 25 17dx
B(x9,20)

(n—Dgq n(l—q)+q
n

<o™1 (/ lw = wp0 25) 191 dx) (/ dx)
B(x0°,20) B(x°,20)

(n=Dyg
n

< w(n)2" =D+ Gn(1-0) (/ lw — w0209 ||ﬁdx) . (44)
B(x0,20) ’

Applying Poincaré inequality in (44), it results

q
U_q/ [Jw — wB(xo.zg)qux <4a(n, N)o" (][ ||Dw||dx) . 45)
B(x9,20) : B(x9,20)

Then from (43) and (45), we have

U_q / ||w — wB(x()’zo.)”qu
B(xY,20)

n+q

" min{=~*,g}
< 16 max{é(n, N), @(n, N)} o" (][ ||Dw||m“{ﬁ*”dx) . (46)
B(x9,20)
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If we set

U = [Dw|™ 5 G =1+ | D™

from “Caccioppoli’s inequality” (31) and (46) it follows

n+q

min{ 2t 4} ~ ~ min 574}
U ndx < 16 max{c(n, N), @(n, N)}c Udx
B(x0,0)

B(x0,20)

n+q

+2"¢cq ][ G5 gy
B(x0,20)

Using Lemma 1, we obtain that there exists a number r > 1 such that Dw € L1(Q).

loc

Moreover, taking into account that the constants ¢ and ¢ do not depend on ¢, the increment
of summability r for 1 < gg < ¢ < 2 depends only on go and does not depend on g.

The higher summability up to the boundary and the global higher summability for the
gradient may be obtained following the same steps as in the case ¢ > 2 and then Theorem 2
is completely proved.
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